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Estimation of Local Vertical and Orbital Parameters for an
Earth Satellite Using Horizon Sensor Measurements

A. L. Kvorr* axp M. M. EpELsTEIN}
Honeywell Radiation Center, Boston, Mass.

This paper discusses the application of the Kalman filter to the problem of determining
the direction of the normal to the earth’s surface from aboard an earth satellite, making use
of horizon sensor measurements. While providing an optimal filter for noisy horizon sensor
measurements, the linear estimation scheme corrects for errors in the assumed values of
those elliptical orbit parameters that determine the motion in the orbital plane. A computer
program has been written to simulate the actual elliptical motion as well as perform the esti~
mation. Results have been obtained regarding the effects of noise magnitude, frequency of
measurements, and choice of actual and nominal parameters on the convergence of the scheme
and the improvement it provides in the accuracy of the determination of local vertical.

I. Introduction

HIS paper discusses the application of the Kalman filter

in its discrete form to the problem of determining the
direction of local vertical from aboard an earth satellite,
making use of horizon sensor measurements. In the process
of filtering the noisy horizon sensor measurements, the com-
putational scheme corrects for errors in the assumed values
of those orbital parameters that determine the motion in the
orbital plane.

The use of onboard measurements in conjunction with an
optimal filtering procedure for determining vehicle position,
velocity, and orientation is not a new concept and has been
discussed in the literature for application to space vehicle
guidance! as well as satellite orbit determination.2=* In most
cases, deviations in the position and veloeity coordinates of
the vehicle have been chosen as the state variables of the esti-
mation scheme and matrix inversion has been required as
part of the procedure. The present scheme is distinguished
by the following features:

1) The state variables are constant in time, or at most
slowly varying over several orbits. They consist of three
orbital parameters determining the motion of the vehicle
center of gravity and two parameters related to the orienta~
tion of the vehicle within the orbit plane. A static estima-
tion scheme is therefore involved, requiring no numerical
integration for the calculation of transition matrices, ete.
The choice of the initial reference orbit is also not very critical,
within certain limits.

2) The use of the recursion formulas of the Kalman esti-
mator eliminates the need for matrix inversion. The form
of the equations remains the same whether they are used as
a least-squares filter (assuming initially that all values of
errors in the state variables are equally likely and measure-
ments are uncorrelated) or whether a priori knowledge is
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included in the form of an initial covariance matrix of errors
in assumed parameter values.

3) The computational procedure has been programed for a
digital computer and has been tested in conjunction with a
simulation of the actual orbital dynamics. We have demon-
strated the convergence of the scheme and its ability to pre-
dict the direction of local vertical to within an angular ac~
curacy at least an order of magnitude better than the standard
deviation of the measurement noise of the horizon sensor.
The program allows for studies of the effects of frequency of
measurements, frequency of updating, nonlinearities in the
orbital equations, choice of initial covariance matrix, etc.

2. Assumptions and Computational
Equations

Much of the simplicity of the scheme results from the as-
sumption that all measurements are taken in the orbital plane
and that the vehicle rotation is about an axis normal to the
plane. After injection into orbit, an initial stabilization
scheme [part of an attitude control system (ACS)] essentially
removes rotations about all vehicle axes except one. The
ACS is also used to align this axis with the normal to the
orbital plane.s Although the control problem is not being
considered here, it should be mentioned that periodic cor-
rections will have to be applied to realign the axis of rotation
because of perturbations in the total angular momentum
vector due to small disturbances and the secular perturba-
tions in , the longitude of the ascending node. These effects
are relatively small over several orbits. In the following dis-
cussion, then, it is possible to assume a vehicle whose axis
of rotation is normal to the orbital plane. The orbital ele-
ments in the plane are also taken as constants in the initial
phase of the discussion, although perturbations in the mean
anomaly will be discussed below.

If a vehicle-fixed reference direction is chosen in the plane
of rotation, each horizon sensor measurement may be inter-
preted as an angle between local vertical and this reference
direction. The simplest situation to consider is when the
reference is in the direction of local vertical at perigee and the
satellite is rotating at the mean motion of the orbit (w, =
27/7, where 7 is the period). At any time ¢ after perigee
passage, the angle a between local vertical and reference is
simply the difference between the true anomaly ¢ and the
mean anomaly M of the elliptical orbit (see Fig. 1):

alt) = o) — M) =B@) 1)
More generally, for any constant rate of rotation and an
arbitrary injection point (¢ = 0), «(f) is given by

at) = o + 8@ — BO) — [w, — @u/7)]t @
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At ¢t = 0, the angle is just a bias angle a;, depending upon
the arbitrary choice of the reference direction. Thereafter,
a(t) depends upon the behavior of B(f) as compared to 8(0),
and the difference between the actual rotational ratel and the
mean motion of the orbit. For orbits of small eccentricity
e, B(t) may be expressed as a series in e and M().5 M(f) is
explicitly determined in terms of T, the (virtual) time from
perigee passage to the injection point, the period 7, and the
time from injection £ Kepler’s third law relates 7 to the
semimajor axis of the ellipse a:

B(t) = (2e — 163 + F56¢ + Lfse) sinM @) +
oo+ 333EEC sinTM () (3)
M@ = 2n(To + 0)/7 @
r = Ca¥l ©)

Symbolically, then, «(f) may be expressed as a function of
five independent parameters and time ¢, as shown in Eq.
6):

(X(t) = f(e: a, TO} Ws, O, t) (6)

where the first three are orbital parameters determining the
motion of the vehicle center of gravity, and the last two relate
to the orientation of the vehicle. The orbital parameters
determining the orientation of the orbital plane in inertial
space and the orientation of the ellipse in the orbital plane
cannot be determined by horizon sensor measurements alone.

The estimation scheme requires the choice of a nominal set
of the five parameters from which a predicted angle is calcu-
lated:

anom(t) = f(eanJ Anom, Tonom) Wsnoms Xbpnoms t) (7)

At discrete times along the orbit £; the predicted angle anom(t;)
is compared to the measured angle a., determined from a noisy
horizon sensor measurement of local vertical:

an(t) = alt) + () 8
where
o)) =0
8lv(t)?] = o* )
Elo(t)v(E)] = 0 T]

Aam(t1~) = Oém(ti) - anom(ti)
(10)

= Aa(t,‘) + T)(ti)

1 The assumption of a constant rotational rate for a satellite
is not strictly valid because of the presence of disturbance
torques acting on the vehicle. For a vehicle that is nonsym-
metrical about its axis of rotation, the gravity gradient effect
produces the major disturbance torque. Disturbance torques
arise from radiation pressure and electric and magnetic fields.
The magnitudes of these and other torques are discussed in Ref.
7. If the resulting angular acceleration can be described ana-
lytically, it may be included in Eq. (2) by replacing wd with

¢
0 wdt. In the gravity gradient case, for example, w, will be

a function of w«(0), as, and 7, to first order, with higher-order
terms in the eccentricity. Since it is extremely difficult to ac-
curately represent all disturbances analytically, a more attractive
method consists of measuring the inertial rotational rate with a
device such as a celestial drift meter® that makes use of the star
background. The accuracy of such an instrument should permit
its use without the smoothing required for horizon sensor meas-
urements and would eliminate w, from among the parameters to
be estimated. These schemes require a limited amount of nu-
merical integration in the computations. Occasional application
of correction torques will maintain ws to within a small variation
from a desired constant value. The general development below
is applicable to these schemes. In the simulation, a rotationally
symmetrical vehicle was assumed, and », was among the esti-
mated parameters.
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Fig. 1 Significant angles for two satellite pesitions in
the orbital plane: OR = reference direction; OC = local
vertical.

The random noise is assumed to be white Gaussian with zero
mean. (With the present limited measurement, a bias in
the horizon sensor will be interpreted as a spurious error in
the parameter o) Linear estimation techniques may then
be used if A« is approximated as a linear funetion of the error
parameters Ae = € — €nom, - - . , Ay = ap — 4y, Lhese
error parameters become the state variables of the estimation
scheme. The following linearized deviational equation will
be valid for small values of the error parameters; the partials
are determined analytically from Eqgs. (1-5):

oa dua
Aa N <é—g>enoxn.Ae + <aa>anom‘Aa + T

Aa = hTAx
where
0a e
| Qe |
foYe Aa
L J! L J

3. Linearity Considerations

A limited study has been made of the magnitude of the
error parameters in e, ¢, and T,y for which the deviational
equation is a good approximation. A nominal orbit with
¢ = 0.10,a = 1.16 (r =~ 105 min), and Ty = 0 was chosen.
Aca was calculated from the deviational equation and the
exact equations for errors in each parameter individually at
three points along the orbit between ¢ = 0 and ¢ = «/2.
Table 1 shows some results at the point on the orbit for which
the nonlinearity was greatest. Results for a nominal orbit
with low eccentricity (¢ = 0.01) are also shown. The error
quantities are normalized in terms of the nominal values of
the parameters, except for T, which is normalized in terms
of the orbital period. The results show that the nonlinearity
is least significant for errors in e, and greatest for errors in
To. For a given Ae, the percent nonlinearity is fairly inde-
pendent of the nominal e in the region considered. This is
true for the other parameters as well.

It is possible to calculate the error in the orbital parameters
based upon an error in the tangential injection velocity to
the nominal orbit. A 19, velocity magnitude error leads to
values of Ae/e = 179, Aa/a = 2.3%, and AT,/7 = 1.89,
for the nominal ¢ = 0.10. The percent nonlinearity due to
AT, will therefore be substantial at the point shown in Table
1.

The value of AT, increases tenfold for a 1% velocity mag-
nitude error at injection into the low eccentricity orbit with
¢ = 0.01. The estimation scheme accounts for these non-
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Fig. 2 Flow diagram of computer program.

linear effects by frequent updating of the nominal orbital
parameters until the errors are well within the linear region.
4. Linear Estimation Scheme

The estimation problem may be formulated as follows®10:
A set of K measurements defines the vector-matrix equation,

Az = AAx+ b (12)
where
!- Aam(t1) Ae U(tl)
Aam(tg) AU/
Az = ’ , Ax = ' ,b =
A a,,; (iK) A.Olb v (tK)
“ba(tl) aa(tl) boz(tl)
e oa T dm }
A = e .. (13)
daltx) daltx) Qaltx)
L Qe oa 7 Qdap
™ h7(t) h7(1)
| h7(tx) h7(K) J‘

Several investigators® have shown that an optimal estimate
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for Ax after the Kth measurement is given by the following
recursion formulas:

A%(K) = A%(K — 1) + P(K)h(K) [Aa.(K) —
hT(K)A%(K — 1)] (14)
PEK) =PK — 1) — P(K - Dh(K) X
{th?(K)P(K — Dh(K) + 1} *h7(K)P(K — 1) (15)
A%(K) represents the maximum-likelihood estimate of Ax

for the case of Gaussian noise. The recursion formula (15)
is equivalent to the more usual form,

PYK) = PYK — 1) + h(K)h7(K) (16)
[P-{(K) = P—1(0) 4+ h(Dh7(1) + h(2)h7(2) + ... +
h(K)h7(K)
= P71(0) + A7A]

for the case of a positive definite matrix P(K). In Eq. (15),
however, the need for matrix inversion is avoided be-
cause the quantity in braces is a scalar. The equa-
tions are a diserete version of the Kalman estimation
formulas for the case of constant state variables with noise
in the measurements only. If Ax is considered as a Gaussian
random vector about which a priori information is known
at the initiation of the estimation process on the basis of
previous measurements or knowledge of injection errors, ete.,
then Eq. (17) defines the a priori density function, and Eq.
(18) defines the Gaussian a posteriori density funetion after
the measurements Az have been taken:

&(Ax) = A%(0)
coviAx — A%(0)] = P(0)- o2
&(Ax/Az) = A%X(K)
cov{[Ax — A%(K)]/Az} = P(K)-q?

By extracting the variance of the measurement noise o2 from
the initial P matrix [Eq. (17)], a standard recursion formula
for the P matrix is obtained which is independent of the noise
level. If

an

(18)

A%(0) — 0
R 0
PO) =| . R— o (19)
0 R
i.e., as the weight given a priori information approaches zero,
A%(K) in Eq. (14) approaches the least-squares fit to a set

of N parameters based upon K measurements (where K >
N).

A%(K) — P(K)ATAz — (ATA)"ATAz (20)

The primary purpose of the estimation scheme is the deter-
mination of local vertical at all points along the orbit to a

Table 1 Effects of nonlinearity

Caom = 0.1 Cnom = 0.01
Normalized Percent? Percent
error parameter Magnitude,® 9, nonlinearity Magnitude, %, nonlinearity
Aé/€nom 10 0.89 100 0.90
20 1.82 200 1.77
AQ/Gnom 1 1.16 1 1.94
10 11.5 10 12.9
ATo/Tnom 1 6.98 1 7.00
10 36.5 10 39.8

e Axi/%inom'100%.
b [(Aanonlin — Aalin)/Aanonlin]100%.
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greater accuracy than is possible on the basis of individual
horizon sensor measurements. Conceptually, this is done
as follows: at any time #, auem(f) is calculated using the
nominal set of orbital parameters, and a correction term is
then added on the basis of the present best estimate of Ax:

&) = o + hT()AZR (21)

If A% is small so that no nonlinearity errors are introduced,
the result is equivalent to caleulating &(f) on the basis of
X = Xuom + AZ%X. The true value of a(f) based upon the
true Axis given by

all) = @nom(® + hT()Ax (22)
The error in the predicted direction of local vertical
Ag(t) = a) — &@) = h7({H)[Ax — AZ%] 23)

is then a Gaussian random variable with the following mean
and variance [since §(A%) = Ax]:

&laa®] =0 (24)
0% (t) = ¢[AG®)?] = hT(H)ecov(Ax — A%)h() (25)
= h7(HPh(t)- o*

A&(t) has a mean of zero and a variance that is a function of
the point on the orbit at which the determination is made,
through h(f), as well as the confidence placed in the estimate
A% as expressed through the P matrix. P depends upon the
number and frequency of measurements made as well as the
a priori knowledge expressed through P(0), but is inde-
pendent of the actual measurement noise. P and h are
functions of the nominal orbit, but only vary slightly in the
linear region about a nominal orbit.

On the basis of P and h, one can define the ratio r(f) as
follows:

Uestu)
r(t) = —— = [a7()Ph() ]V (26)

Troise

This ratio shows the improvement in the aceuracy of the
prediction of local vertical, which is achieved by using the
best estimate of the orbital parameters as compared to the
prediction based upon individual horizon sensor measure-
ments. For a given nominal orbit and P(0), it is possible
to compute the number of measurements (M) required to
bring r(f) below a given value, say 107, for all points on the
orbit. One may then say that, in a stochastic sense, the de-
termination of local vertical from A%(M) is better by at least
a factor of 10 than the determination from horizon sensor
measurements. Similarly, the trace of P provides a measure
of the accuracy of the predicted Ax since it determines the
mean-square value of the errors in the parameters:

N
tP-o? = § [Z (Az; — A@)Z] 27

i=1

5. Computer Program and Results

A program has been written for the IBM 7090 Computer
to simulate the motion of the vehicle as well as the estima-
tion scheme. A simplified flow diagram is shown in Fig. 2.
The initial version of the program uses the equations for a
two-body orbit in determining «; however, these may easily
be modified to include slow secular perturbations in the
parameters, as will be seen below.§ The partials that deter-
mine A(f) are always based upon the two-body orbit equa-
tions since their variations with changes in the nominal
parameters is a second-order effect. One important feature

§ The program may also be modified to include disturbance
torques if a numerical integration routine is introduced. See
previous footnote.
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Fig. 3 Comparison of true and estimated parameter
errors at four points on the orbit.

of the program is not shown in Fig. 2. This is the updating
feature. After a given number of measurements, say K,
Xaom 18 Updated to include the present best estimate of Ax
and the time is reset to zero. Suitable changes are intro-
duced in the parameters Tp and «, in the simulation and
estimation scheme so that the point of updating appears as a
new injection point for all future measurements. The arbi-
trary reference direction is taken as the direction of the best
estimate of local vertical at the time of updating. For future
measurements, A%(0) = 0. If the linearity assumptions
hold for Ax before and after updating, then P(K) before
updating may be chosen as P(0) for future measurements.
This is equivalent to the assumption that h(?) is not affected
by the shift in the nominal set of parameters and that the
confidence in the present best estimate of x and the direction
of local vertical has not changed. In many cases, P(0) is
reinitialized to some large value and the estimation of the
parameters is begun anew.

The program was tested initially without any noise in the
measurements, with Az(0) = 0 and large initial P matrix.¥
This is equivalent to using the recursion formulas to obtain
a least-squares fit to the measurement data. Theoretically,
a set of N independent measurements should yield a perfect
estimate of the errors in N parameters. This did not occur
in practice because of the nonlinearities in the measured value
of a(t). This is illustrated clearly in Fig. 3 for normalized

T Care must be taken that the initial P matrix is not made too
large; otherwise numerical significance will be lost as the trace
of P decreases in magnitude and the P matrix will no longer re-
main positive definite. This difficulty was encountered in the
early phases of the investigation, especially when many measure-
ments were taken over one orbit (100 or more). Eventually, it
was found that an initial P matrix with diagonal terms anywhere
between 10% and 105 led to the same results after the first few
measurements for the particular trajectories considered, and the
P matrix remained positive definite. Several variations of the
recursion formula {Eq. (15)] are available!,'? which guarantee
that the P matrix remain nonnegative definite throughout the
computation. The technique of Ref. 11 applies to single scalar
measurements, as in Eq. (15), whereas the formula of Ref. 12
is valid for vector measurements as well. In our notation, the
formula of Ref. 12 reduces to

P(K) = {I — s(E)h"(K)JP(K — 1){I — s(K)h"(K)}T +
s(K)sT(K)

where Iis the identity matrix and
s(K) = P(K — DH(K){hT(K)P(K — 1)h(K) + 1}

The preceding formula can be shown to be equivalent to Eq. (15).
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Fig. 4 Nonlinear contribution to A« along one orbit.

errors of 19%. It is seen that the predicted value of Az
depends much more strongly on the portion of the orbit at
which measurements have been taken than on the number
of measurements or the initial P matrix chosen. When meas-
urements are included at points on the orbit where non-
linearities are largest, the prediction of Ax deteriorates, as
seen from Fig. 4. The magnitude of the nonlinearity will
depend upon the coupling between the unknown components
of Ax and cannot be determined beforehand in the estima-
tion scheme. As long as updating reduces the size of the
Az;, the linear region will be approached through updating
and corrections will become more and more accurate. This
1s illustrated in Fig. 5 for two rates of updating, starting with
the same set of nominal and actual orbital parameters (e =
0.101, eqom = 0.1; @ = 1.484, @pom = 1.16; this corresponds
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Fig. 5 Reduction of Aa for two rates of updating.
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to a perigee of 500 naut mile). When no noise is present in
the measurements, rapid updating is advantageous. The
P matrix is reset to its initial value at the time of updating
in order to make full use of the next set of measurements.

Runs were also made for low-eccentricity cases with no
noise in the measurements. A run with e = 0, and éaom =
0.01 converged in e and A« (i.e., both were less than 10~ after
five updatings), although the predicted values of T, w,, and
a did not approach the true values. However, the errors in
w, and ¢ were such that &, — 27/% ~ w, — 2%/7, which is
related to the fact that w, and o are no longer independent
observables on a circular orbit.

When noise is introduced into the measurements, the be-
havior of the system will depend upon whether the difference
between the predicted angle auom and the measured angle
oy is primarily due to errors in the parameter values, or
whether the difference due to parameter errors is of the same
order of magnitude as the noise. This is illustrated in Fig.
6. The no-noise case with updating once per orbit of Fig. 5
is compared to two cases with the same initial conditions
and rate of updating, but different values of o, the standard
deviation of the noise. The first few updatings improve
the prediction of «, as in the no-noise case. The improve-
ment does not extend below the order of magnitude of o,
however, for continued updating after 60 measurements and
one orbit. With 120 measurements per orbit, the improve-
ment in « eventually exceeds that of the case with 60 meas-
urements, although the initial updating did not happen to
be as good for the particular noise samples chosen. The
explanation for these results may be found by studying the
behavior of the P matrix, its trace, and the quantity h7Ph.
Figure 7 is a plot of the trP vs number of orbits for the nomi-
nal case with 60 measurements per orbit, and 120 measure-
ments per orbit, respectively. For a given number of meas-
urements, the trace decreases more rapidly when the meas-
urements are further apart in time. For a given time,
however, the trace is smaller when more measurements have
been taken. At the time of updating, the trace of P multi-
plied by the variance of the noise determines the mean square
values of the errors in the parameters z; [from Eq. (27)].
This provides an indirect measure of the mean square error
to be expected in the prediction of « based on the new set
of parameters. A more direct indication is provided by the
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Fig. 6 Reduction of Aa for various noise samples.
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quantity h”Ph. Figure 8 compares the trP to the quantity
hTPh for the case of 120 measurements per orbit. After 120
measurements, the quantity r = (h?Ph)¥? has a value 0.5.
If the nominal orbital parameters are updated after each set
of 120 measurements and the P matrix is reinitialized, as in
Fig. 6, then the error in the predicted angle cannot be ex-
pected to fall below 1073 when the measurement noise has
agof 3 X 1073

In order to improve the ratio r at the time of updating,
three methods may be employed.

1) The number of measurements per orbit may be in-
creased. Besides the physical limitations on the system in
taking and processing more measurements, the assumption
of white noise becomes more difficult to justify as the number
of measurements is increased.

2) The time between updatings may be increased. This
method is Himited by the tendency of A = & — @uom to in-
crease with time from updating (because of the increasing
importance of errors in ¢ and w, with time) and by the in-
creasing importance of perturbations in the orbital param-
eters as the time from updating becomes large.

3) The orbital parameters may be updated at a faster rate
than the P matrix; e.g., the orbital parameters may be
updated once every orbit but the P matrix reinitialized every
other orbit. This allows for twice as many measurements as
otherwise to be included in determining the #; on which the
angle ais to be based.

From the test cases run, it appears that a compromise be-
tween methods 1 and 2 is required for optimum performance.
For the first few updatings, when errors in the z; may be
large, it is desirable to take as many measurements as pos-
sible over a short interval of time and then update and rein-
itialize the procedure in order to reduce the nonlinear effects
and prevent Aa from growing with time. Once A« is within
the noise region, a greater reduction in r is achieved by
spreading the same number of measurements over a longer
time interval, As the number of measurements and the
length of the interval is increased, a value is reached beyond
which improvement is hardly noticeable, as the examples
below will illustrate. When Aq is within the noise level,
method 3 may have some advantages over method 2 in
tracking slow perturbations in the elements, assuming that
orbital elements are updated at a faster rate in method 3.
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Fig. 7 Trace of P matrix vs number of measurements.
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For constant elements, however, method 2 has been con-
sistently better.

In the examples that follow, measurement noise in the hori-
zon sensor with a standard deviation of ¢ = 1072 (=0.6° of
arc) was assumed. The results apply for any smaller value
since only ratios are involved. It was found that, in order
to reduce 7 to 0.10 for the orbital parameters assumed in the
previous examples, at least 700 measurements are required
when 200 measurements per orbit are taken (3.5 rev), over
750 measurements are required with 500 measurements per
orbit (1.5 rev), and 1300 measurements are required for 1000
measurements per orbit (1.3 rev). Figures 9 and 10 show the
quantities (h™Ph)¥2.¢ and (trP)V2-¢ after one orbital

-2

10

104

1300 1500

Number of Measurements

500 700 1000

Fig. 9 Comparison of predicted rms values of errors and
actual errors for a run with 500 measurements/orbit.
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Fig. 10 Comparison of predicted rms values of errors and
actual errors for a run with 1000 measurements/orbit.

revolution for the cases of 500 measurements per orbit and
1000 measurements per orbit, respectively. Scattered about
these curves are shown some of the actual values of

i=1

5 1/2
| AQ(K)| and [Z [Az; — A@(K)]Z]
for a particular run, with the initial errors given by

5 1/2
[Z (Axi)‘{\ = 0.591 X 10— AZ;(0) =0
z=1

and an initial P matrix with a trace of 5 X 10%  (The initial
P matrix may be changed by a factor of 100 or more without
changing the nature of the results past the first half of an
orbit.) For the runs illustrated, the errors in the orbital
parameters based upon the predicted A%(K) are consistently
better than the rms values determined from trP. The
values of Ad also fall mostly below the curve of (h”Ph)V2. ¢,
From the curves, it is seen that the rate of improvement
in trP becomes slower as the number of measurements is
increased. The reduction of r = (h7Ph)Y2 much below
0.10 becomes exceedingly expensive in terms of the number
of measurements required and/or the number of orbits re-
quired between updatings.

With 500 measurements per orbit, updating near 800
measurements appears reasonable from Fig. 9. Figure 11
shows the behavior of | Aa| = |@ — auom| for a particular
run in which the parameters were updated twice after 700
measurements and the third time after 800 measurements.
The P matrix was reinitialized at the time of updating. Be-
tween updatings, the nominal values of the parameters at
the most recent updating are used in determining amom.
The predicted rms value of |Aa| between updatings are
also shown. These are based upon the value of the P matrix
just prior to the most recent updating and reflect the confi-
dence placed in the most recent set of nominal parameters.
Changes in the predicted rms value about the orbit are due
to the changes in h(f) about the orbit. The initial errors,
before any updating, are the same as in Figs. 5 and 6. After
two updatings, the actual values of | Aa| fall mostly below
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1073, a factor of 10 improvement over o, and are smaller than
the predicted rms values at most points on the orbit.

6. Effects of Perturbations

The orbital parameters that determine the translational
motion of an earth satellite are not true constants, as they
would be for simple Keplerian motion, but are subject to
variation due to the perturbing effects of the earth’s at-
mosphere, the earth’s oblateness, and the gravitational
attraction of the moon and the planets. For orbits under
consideration in this paper, atmospheric effects are negligible,
and the primary source of perturbations is the oblateness of
the earth. The type of perturbations that occur may be
classified as periodic or secular, depending upon whether they
are cyclical, with a period of one or several orbital revolu-
tions, or monotonic over many orbits, respectively. The
nature of the periodic perturbations has been investigated
using the results of Kozai.’ 1* It has been shown that the
perturbations in each of the parameters ¢ and e have maxi-~
mum amplitude on the order of 4,, where 4, is the constant
in the first correction term for the gravitational potential
of the earth due to oblateness. A recently determined value
for A, is 3.2 X 1073, For small eccentricities, the maximum
perturbation in Ty may cause variations in the mean anomaly
and the true anomaly which are much larger than A.; how-
ever, these are balanced by variations in w, the argument of
perigee. With perturbed orbital parameters, the direction
of local vertical must be determined from the argument of
latitude L = ¢ -+ w, where ¢ is the true anomaly. Refer-
ence 14 shows that perturbations in L never exceed A, in
magnitude. TFor orbits most sensitive to perturbations, the
maximum amplitude of the periodic perturbations is still
an order of magnitude less than o = 0.01, the standard
deviation of the measurement noise. Periodic perturba-~
tions may therefore be neglected.

As far as secular perturbations are concerned, Kozail* and
others®™ have shown that there are no secular perturbations
of first- or second-order in the parameters a, e, or ¢ (the in-~
clination angle of the orbit with respect to the equatorial
plane). Secular perturbations in T [or equivalently, in the

i L
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1073 Ly A Al !
1 % ll j
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| I | ' 1
| ' ' :
w0t | ﬁ; — _ :
I | | : ;
| | | i :
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10'5 1 I I
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Fig.11 Reduction of Ax for a case with 500 measurements/
orbit.
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mean anomaly, through Eq. (4)] must be considered, how-
ever. To account for this perturbation, the value of T in the
simulation program was increased at each measurement
time by an amount AT, given by the following equation,
where At is the time interval between measurements's:

ATy = —{do/[a2(1 — e9*2]}(3 sin% — 1At (28)

For an inclination angle ¢ = 0, and the orbital parameters
of the previous examples (¢ = 0.1, a = 1.1484), thisleads to a
change in T, of about 0.26 min/orbital rev. When a cor-
responding change is added to the calculation of amem in the
estimation scheme, the error in the predicted angle remains
essentially the same as with the unperturbed parameters.
This had been demonstrated for runs with and without noise.

In adding the perturbation to the estimation scheme, @nom
and eqon, are used in Eq. (28) and the value of AT, calculated
from this equation is added to Ty nom in Eq. (4) at each meas-
urement time. This determines a new value of M (¢) which
is then used in the determination of auem() through Egs. (2)
and (3). For the determination of the partial derivatives in
h(f), however, the initial unchanged value of T nom is used,
until the time is reached at which all the parameters are
updated.

After many orbital revolutions, long term periodic per-
turbations due to oblateness and other disturbing forces
besides oblateness will cause changes in the parameters.
If the procedure is reinitialized after every two or three orbital
revolutions, the scheme should follow these changes over
long periods of time, and the parameters may be considered
as constant between updatings. A full-scale simulation in-
cluding many of these disturbing forces must be performed to
test the long term behavior of the estimation scheme. This
simulation would also include the effects of rotations about
axes parallel to the orbital plane. If the true axis of rota-
tion makes a small angle with the normal to the orbital plane,
then out-of-plane motions are independent of motions in the
orbital plane to first order.
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